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Abstract

Factor augmented regressions are widely used to produce out-of-sample forecasts of macroeco-
nomic and financial time series. However, these series are subject to occasional breaks. We study the
effect of neglected structural instability on the forecasts produced by factor augmented regressions
when the latent factors are estimated by cross-sectional averages from a large panel of variables. Our
results show that neglecting structural instability can be very costly in terms of forecasting perfor-
mance. We derive analytical results to show that both instability in the factor model and in the
forecasting equation have an impact on the produced forecasts. We further provide numerical results
showing that conditioning upon the most recent break tends to produce more accurate forecasts than
unconditional estimation methods based on expanding or rolling windows, although the actual gain

depends on the location and the magnitude of the breaks.
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1 Introduction

Factor augmented regressions are widely used to produce out-of-sample forecasts of macroeconomic and
financial time series. For a given target variable, they consist of a forecasting equation in which one or
more predictor is latent and it is estimated from a large panel of observable variables. Stock and Watson
(2002a), and Bai and Ng (2006), provide seminal methodological contributions when the latent factors
are estimated by asymptotic principal components, as studied in Bai and Ng (2002), and Bai (2003).
On the empirical side, Stock and Watson (2002b), and Forni et al. (2018), employ factor augmented
regressions to forecast macroeconomic variables; Ludvigson and Ng (2007), and Giovannelli et al. (2021),
consider stock returns; Ludvigson and Ng (2009) look at bond risk premia.

The aforementioned contributions work under the maintained assumption that both the factor model
and the forecasting equation are stable over time. However, the assumption of structural stability may
not be realistic in practice. Stock and Watson (1996) find instabilities in macroeconomic time series.
Pastor and Stambaugh (2001), and Timmermann (2001), show similar results for stock returns. Paye
and Timmermann (2006), and Rapach and Wohar (2006), employ the procedure developed in Bai and
Perron (1998), and document the presence of structural breaks in return prediction models. Timmermann
(2008) argues that structural breaks in the data generating process of stock returns generate "pockets"
of predictability, which are further analyzed in Farmer et al. (2021).

Given the existing evidence of breaks in the data generating process of macroeconomic and financial
time series, a large body of literature has addressed the problem of forecasting under structural breaks:
see Rossi (2021) for a general overview of the literature, and Timmermann (2018) for a specific focus on
financial asset returns. However, to the very best of our knowledge, all existing contributions assume
that the predictors of the target variable are either observable or, if latent, they are estimated from a
large panel of variables exhibiting a factor structure assumed to be stable over time. For example, in
the case of stock returns, observable predictors are provided in Welch and Goyal (2008), whereas Neely
et al. (2014), Baetje and Menkhoff (2016), Cakmakli and van Dijk (2016), and Gongalves et al. (2017),
study predictions based on latent factors under the maintained assumption that the underlying factor
model is not subject to structural instability. Within an in-sample framework, Corradi and Swanson
(2014), and Massacci (2019), study estimation and inference in factor augmented regressions in which
either the factor model or the forecasting equation (or both) are subject to breaks. However, to the very
best of our knowledge, the literature is silent regarding the consequence of structural instability on the
out-of-sample forecasting performance of factor augmented regressions.

This paper fills a gap in the literature by studying the problem of out-of-sample forecasting in factor
augmented regressions when either the factor model or the forecasting equation (or both) are subject to
structural instability. In particular, we focus on the situation in which the information stemming from the

breaks is ignored and a misspecified linear model is used. Following Giacomini and White (2006), we focus



on the forecasting method, which includes the model itself, as well as other choices made by the forecaster,
such as the estimator for the model unknown parameters, and the related length of the estimation window.
In terms of estimation, we follow Pesaran (2006) and consider cross-sectional averages estimation for the
latent factors: this is appealing as it uses only the cross-sectional dimension, which is not affected by the
break. In terms of estimation window, we ask ourselves whether we should use a conditional approach
based on post-break observations only, or an unconditional approach that implements an expanding
or a rolling window. The choice of the estimation window is addressed in Pesaran and Timmermann
(2004), who however do not include latent factors and only consider observable predictors. Our work
also complements Pesaran and Timmermann (2007), who study forecast combinations across estimation
windows as a tool to mitigate the effect of structural instability on out-of-sample forecasts.

We study the simple yet informative set up of a factor augmented regression with a single latent
factor, and one break in the factor model and in the forecasting equation. We obtain two results. First,
we derive a closed form expression for the covariance between the realization and the forecast of the
variable of interest, and we show how this depends on the choice of the estimation window in relation
to the location of the breaks: in particular, when the estimation window begins after the break in the
factor model, this does not affect the forecast; conversely, when the reverse occurs, the break in the factor
model has an impact on the produced forecast due to rotational indeterminacy typical of latent factor
models. Second, through a set of numerical results, we show that when the break in the factor model does
not have an impact on the produced forecast, the post-break estimation window is likely to outperform
the forecasts obtained by using the exponential and the rolling estimation windows. However, when the
break in the factor model affects the produced forecast, the post-break estimation window may still have
an edge, but this may depend on the sign and the magnitude of the breaks.

The rest of the paper is organized as follows. Section 2 sets up the problem. Section 3 derives
analytical results that quantify the costs of ignoring breaks when using factor augmented regressions for
forecasting purposes. Section 4 provides numerical results. Finally, Section 5 concludes. Mathematical

proofs are provided in Appendix A.
2 Set up
We consider the model
xe =Tt ST A S +1(t>T) Aafr+e, t=1,....T, 1<T2<T, (1)

Y =Lt <ST) i fe + 1 (¢ > T0) vafe + 041, t=1,..., T, 1<T)<T, (2)



where I(+) is the indicator function and T' denotes the time series dimension. Starting from (1), x; =

(14, - - - ,CUNt)/ € BV is the N x 1 vector of observable dependent variables; f; is the latent factor
such that E(f;) = 0; e, = (e, ...,ent) € R®Y is the N x 1 vector of idiosyncratic components;
Ao = Njas -, )\ij)/ is the N x 1 vector of factor loadings in state jx = 1,2, whose ¢ — th element is

Ajuir fori=1,...,N; T is the break date in the data generating process of x;. Moving to (2), ;41 € R
is the dependent variable; f; is the same factor entering (1); ;41 is the error term; v, 18 the slope
coefficient associated to f; in state j, = 1,2; Tz? is the break date, which is not constrained to be the
same as TY.

The model in (1) and (2) is a factor augmented regression with structural instability. For ease of
tractability, the model has one zero-mean factor and one break both in the factor model in (1) and in the
forecasting model in (2). Our aim is to out-of-sample forecast yr1 given the information available at
time 7' when the breaks hit the data generating processes of x; and y; at Ty and T, respectively, before
the forecast is made, so that T < T and Tz? < T. In particular, we are interested in the situation in
which the two breaks occur close to the end of the sample and enough observations after the breaks are
not available to consistently estimate the model. Formally, this means that we study the case in which
the time dimension 7T is fixed and does not tend to infinity.

It is customary in the literature to estimate linear factor augmented regressions using a two-step
procedure, which first estimates the latent factors from a large panel of variables by asymptotic principal
components, and then imputes the estimated factors into the forecasting model: see Bai and Ng (2006).
While this procedure is valid in a linear setting, it may encounter problems when the model faces
structural instability. In particular, asymptotic principal components estimation requires N,7 — oo at
the same rate to achieve consistency (up to a rotation). Since T is fixed in our setting, the principal
components estimator for the factor f; in (1) would not in general be consistent. In order to overcome
this issue, we follow an alternative route and estimate f; using cross-sectional averages of the elements
of x¢, as originally proposed in Pesaran (2006). Cross-sectional averaging is appealing in the kind of
problem we are facing since it only employs the cross-sectional dimension and thus require N — oo only

for consistency (up to a rotation), whereas the time series dimension T' can be kept fixed.

3 Analytical results

To keep the analysis simple, we assume the number of latent factors (namely, one) in (1) is known.
Following Pesaran and Timmermann (2004), we assume that also T, in (2) is known. Further, in (2)
we let T) be the pre-estimation window, with 1 < 777 < TS : the number of pre-break and post-break
observations is Tz? =Ty and T — (Tg + 1), respectively; the total number of observations to estimate

the model is T — (T g+ 1). Specification of the pre-estimation window T} is required as the forecasting



model in (2) is estimated along the time series dimension. On the other hand, we do not need to specify
a pre-estimation window for the factor model in (1) since the latent factor f; is estimated using the
cross-sectional averages estimator, which only requires N — oo to achieve consistency (up to a rotation).

In what follows, we assess the cost of ignoring the breaks occurring in 79 and Tg along two com-
plementary perspectives, namely their effect on the estimator for v, in (2) and on the point forecast of

yr+1: these are covered in Sections 3.1 and 3.2, respectively.

3.1 Cross-sectional average estimation

Following Pesaran (2006), the cross-sectional average estimators ft for f;, and the least squares estimator
s (Tye) for ~,, are

. N T—1 o1 = .
ft =ZTwt = leimit, Yy (Tg) = Zl I(t>Ty) ftft} [Zl I(t>Ty) ftyt_H] . t=1,...,T, (3)
1= t= t=

respectively, where {wz}fil is a sequence of weights. Let diag (-) denote a diagonal matrix of suitable

dimension. The following proposition characterizes the expected value of 4, (T;) as N — .

Proposition 3.1 Given the model in (1) and (2), lete; ~ IID (0,02Ix) and (fi,€141) ~ IIDN {0, diag (0’%, a?)} .
Consider 7, (Tye) as defined in (3), where the sequence of weights {wz}fil satisfies w; = O (N~1) and
Zi]\il w; = 1. Let Zf\]:l Wij i — Awj. # 0, for jx = 1,2. Then

lim E [y, (T})]

N—oo

_ 2 T (;o_i_f) T —T°¢ )
Aw ° 9 - — > T _7“,2
2| (T <Te<T-1) T—(T;+1)+T—(T§+1))‘w1]
0T
<R <T) 7=y
Y172 v
NG Uit
)\w2 Y

70— min {72, 70}  min {72, 70} — Tg Aow
T—(Tg+1) T—(Tg+1) Aw

Proposition 3.1 is informative about the asymptotic bias of 44 (T;) as N — oo: this is consistent
with the analysis we are conducting, which assumes that the time series dimension T is fixed. The
stringent assumption on e; is imposed for expositional purposes only: Proposition 3.1 would still hold
under suitable weaker conditions of time-series and cross-sectional dependence. In order to interpret
Proposition 3.1, we consider three mutually exclusive cases: (i) 1 < TP < Ty; (id) Ty < Tg <T —1 and

0 0. (i::) e 0 0 0
Ty <Ty); (id) Ty <T <T—1and T, > T,



If1< T,(c) < Tye the break in the factor model occurs before the beginning of the estimation window
in the forecasting equation and

0 e
Ty _Ty

T @) )

Yo + (71— 72)

Since the factor f; in (1) is only identified up to a rotation, for v; = 75, namely when the forecasting
equation in (2) is not subject to structural instability, the right-hand side of (4) is equal to the rotation
of v, induced by ;\‘;; (namely, ;\;,;’yQ). For v, # 74, the asymptotic bias of 9, (T;) depends on the
magnitude of the break, as measured by |y; — 75|, and by the ratio between the number of pre-break
observations (ngj - T;) and the size of the estimation window [T — (T; + 1)] Notice that if f; was
observable and did not have to be estimated, then 9, (T;) and limy oo E [, (T;)] in (3) and (4),

respectively, would simplify to

T—1 “lrr
(1) = | S 16T 8] | S 10> 1) fn
and
TO _Te
E[3 (Ty)] =72 + (11 *72)##1), (5)

respectively, where the analytical expression for E [% (Tye)] in (5) is identical to the analogous result in
Pesaran and Timmermann (2004).!

If Tye < T}? < T —1 and T,? < T?? then Ty6 < TE < Ty0 < T — 1: the estimation window begins
before the break in the factor model, which precedes the break in the forecasting equation. The result

in Proposition 3.1 simplifies to

e w [To(@) TR-TE A
Bl ) = 32 | .
i [ T T e
Mz |T—(Te+1) T — (T +1) At

In the absence of a break in the forecasting model (i.e., v; = 75) the result in (6) reduces to

: 5o (Te\] = T2
lim E['Vz (Ty)] Y T—(T;-i—l) +T—(Ty€+1) Awl

N—oo )\w2

T — (T +1) T - T¢ XWQ}

and the rotation induced around v, depends on the frequency of observations of x; before and after the
break date 7Y, as given by [T'— (T} +1)] /[T — (Tg 4+ 1)] and (T2 — Ty) /[T — (T¢ + 1)] , respectively,
and it is captured by Awa /Aw1: When Aw1 = Awa, then limy o E [§5 (T5)] = 72 /Awz, which is the

same it would be if there was no break in the factor model.

1See the Proof of Proposition 1 in Appendix A in Pesaran and Timmermann (2004).



Finally, if Tye < T,? <T -1 and T,? > Tg then Tye < TS < T,? < T —1: the estimation window starts
before the break in the forecasting model, which happens before the break in the factor model. The

result stated in Proposition 3.1 simplifies to

NIEEOE[”(T@/)]:TW T—(T;+1)+T—(T;+1)5\T,1 A

Y2 T_(T>9+1) T:?_Tye XWQ] Y1~ V2
)\w2

and considerations analogous to those made in the previous case apply.

In conclusion, according to Proposition 3.1, limy_ E [‘yg (Tye)] depends on the magnitude of the
break in the forecasting equation as measured by |y; — v5|. An additional source of bias is due to f;
being latent, so that it has to be estimated from a large panel of variables that exhibit a factor structure.
This extra source of bias persists even if the forecasting equation does not experience a break and follows
from rotational indeterminacy typical of latent factor models: in particular, this bias depends on the
relative position of T, T?? and Ty. Interestingly, rotational indeterminacy produces biases ¥, (Tye) only

if le 7é 5\w2-

3.2 Point forecasts

Given the regression model in (2), the forecast of y41 at time T is 741 (Tye) =%y (Tye) fT, where 4, (Tye)
and fT are defined in (3). Under the assumptions of Proposition 3.1, E (y741) = limy oo E [QTH (Tye)] =
0.2 We thus assess the effect induced by structural instability on g7 1 (Tye) through the covariance be-

tween yry1 and gy (T;)

Proposition 3.2 Given the model in (1) and (2), let the assumptions of Proposition 3.1 hold. Then

Jim E [yragri (7)) = 103w { lim B3, (17)]},

N—o0

where limy_,o0 E [% (Tye)] 18 given in Proposition 3.1.

Proposition 3.2 derives the analytical expression for the asymptotic covariance between yry; and
its forecast gri1 (T;) as N — oo. As in the case of Proposition 3.1, we interpret Proposition 3.2 by
considering the same mutually exclusive cases, namely: (i) 1 < T} < Tf; (ii) Ty < T < T —1 and
TV < TS; (4ii) Ty < T <T—1and T? > T,!?.

When 1 < T < Ty, taking into account (4), Proposition 3.2 simplifies to

0 e
Ty — Ty

Y2+ (N *’Yz)m

1\}1310013 [yr+19741 (T;)] — 720%

7

2Under the assumptions of Proposition 3.1, Yo (Tye) and fT are independent random variables and

R N
i B () = g 8 (5w ) =0



which is identical to the homologous finding stated in Proposition 1 in Pesaran and Timmermann (2004).
Unlike the result in (4), in this case the asymptotic (as N — oo) covariance between yry; and g1 (Tye)
does not suffer from the rotational indeterminacy problem induced by the latent factor model.

When T) < TO<T—1and T? < Tg, from (6) the result in Proposition 3.2 becomes

T (T04+1)  TO-T{ A

Y2 + Awl
. T_(Te+1) T—<T6+1))\w1
lim E ir1q (T)] = vo02 . ’ h
i [yr1iri1 (Ty)] = 71207 ) T) - 1T} n -1 Awz
1 2 T*(Tye‘i’l) T*(Tye‘i’l))\wl

In this case, the source of dependence between yri ;1 and gpiq (Tye) induced by Awa / Aw1 arises. The
ratio Awsz /5\w1 plays a role because T,/ < TY < T — 1, namely because the break in the factor model
occurs after the beginning of the estimation window, and the effects induced by rotational indeterminacy
before and after the break do not cancel each other out (unless Awl = Xwg).

Finally, for T}7 < T <T —1and T > Tg, from (7) the result in Proposition 3.2 simplifies to

T— (T2 +1) T —T¢  Awe TO—T¢ X
. N e\l _ 2 x x y w2 _ y y w2
]\}EHOOE [yTJFlyTJFl (Ty)] =207 {72 T_ (Tye T 1) + T_ (Tye n 1) 5\w1 + (71 '72) T _ (Tye T 1) j\wl

and a component in the comovement between yr41 and g1 (T;) driven by Aw2 / Aw1 still persists.

In conclusion, the comovement between yry1 and g1 (T ;), as measured by their asymptotic co-
variance as N — oo, depends on the magnitude of the break as captured by |y; — 7v5|. When the break
in the factor model occurs after the beginning of the estimation window in the forecasting model, the
comovement between yry; and gryi (T ye) also depends upon the ratio Aws / Aw1, which is induced by

rotational indeterminacy since the estimator f; for f; in general experiences different rotations around

ft because of the structural break in the factor model.

4 Numerical results

4.1 Data generating process

We consider the data generating process

.’Blst:]l(tST)?))\lzf{q+]I(t>T£))\21fts+€,ft, ’L‘:].,...“]\/v7 t=1,...,T,

where s denotes the replication, for s = 1,...,2000. We consider N = 100 and T = 201, so that
T —1 = 200. Define dx; = A1; — Agg, for i = 1,..., N. We fix Ay; and Ag;, and thus dy;, throughout
the replications. We generate Ag; ~ N (1,1), and define Aj; = Ay; + dx;. We control for the magnitude

of the break by implementing the following scenarios: in Experiment 1 we set dyx; = 0.00, 1.50,3.00 for



i=1,...,N /2, and correspondingly d,; = 0.00, —1.50, —3.00 for ¢ = N /2 + 1,..., N; in Experiment
2a we look at dy; = dx = 0.00,1.50, 3.00; in Experiment 2b we consider dy; = dx = 0.00, —1.50, —3.00.
Experiment 1 implies that the condition Aw2 / Awi = 1 in Proposition 3.2 is met and the break in the
factor model should not affect the produced forecasts. Experiment 2a and Experiment 2b imply that
0 < Aw2 /5\“,1 < 1 in Proposition 3.2 and thus allow to assess the impact of the break in the factor model
on the forecasts. We further control for the break date by setting 72 = 100, 190. The factor is generated
as ff ~ IIDN (0,1). The idiosyncratic components are generated as ef, = O';i/z €c.it» With o ~ 2 (1)

and € ;; ~ IIDN (0, 1), with oy; fixed throughout the replications.

The data generating process for the target variable is

Yt :H(tST;)%J‘}S"‘H(t>T£)72fts+5§+1, t=1,...,T.

The slope coefficients v, and «y, are fixed throughout the replications, with v, = 1 and v; = 75 + dy.
We control for the magnitude of the break by setting J,, = 0.00,1.00,2.00, 3.00, and for the location of
the break by fixing Ty0 =100, 190. The error term €j, is generated as 7, ; ~ IIDAN (0,1).

We consider three estimation windows: post-break, with 7\7 = T;; expanding, with 7}y = 0; rolling,
with T =T — 1 —w and w = 50, so that 7,7 = 150. From the discussion in Section 3.2, a necessary
condition for Awo / Awi to have an effect on the produced forecast is that T, < T < T — 1. Given our
data generating process, Awo / Awi will always impact the forecast in the case of the expanding estimation
window, provided that Awo / Awi # 1. In the case of post-break and rolling estimation windows, the
effect induced by Awa / Awi depends on the position of Tye relative to T,?. Also, since we keep Ag; and v,
constant, for ¢ = 1,..., N, the forecasts produced using the post-break window are independent of the
break size in both the factor model and in the factor augmented regression for Tf > T0.

We evaluate the produced forecasts in terms of the root mean squared forecast error defined as

2
S ~
S5 [ = i (7))

RMSFE; = S ,

k = post-break, expanding, rolling,

where §i 7, (Tye) is the forecast made by method k within replication s.

4.2 Results

Table 1 about here

The results from Experiment 1 and collected in Table 1 are consistent with Proposition 3.2. When
Awa / Awi = 1, the produced forecast is independent of the size of the break in the factor model as
measured by |dx|. As expected, when 0, = 0 the expanding window always produces the most accurate

forecasts, since it correctly uses all available information. As ¢, increases, the post-break estimation



window takes the lead, whereas the expanding window becomes the worst performer, as it is the method
that employs the highest amount of wrong information stemming from the observations before the break.
Notice that all forecasts deteriorate as T?? increases from T?? = 100 to TS = 190, since fewer observations
become available in the post-break window, and the expanding and rolling windows use more pre-break

observations to estimate the forecasting model.

Table 2a and 2b about here

Table 2a and Table 2b collect results from Experiments 2a and 2b, respectively, and show a different
picture compared to Table 1. In both cases, the magnitude of the ratio Awa / Aw1 declines in dx and
the estimator for the factor before the break becomes less precise due to the increased bias induced by
rotational indeterminacy. In some cases the conclusions drawn from Experiment 1 are reversed. When
dy > 0 and dx > 0, the post-break estimation window is often dominated by the expanding window (see
Table 2a). However, this is not the case for dx < 0, when in some instances the rolling window produces
the most accurate forecasts (see Table 2b). Therefore, when 0 < Aw2 / Awi < 1, the post-break window
still has an overall edge with respect to expanding and rolling window estimation methods, although the
actual performance needs to be evaluated on a case-by-case basis. In particular, the advantage in terms
of forecasting performance the post-break window has when Ayo / Awi = 1 no longer uniformly holds
when Ao / Awi # 1, in which case the relative performance of the estimation window depends on the

interaction between the breaks in the forecasting equation and in the factor model.

5 Conclusions

This paper studies out-of-sample forecasting in factor augmented regressions that experience structural
instability in the factor model or in the forecasting regression (or both) when the latent factors are
estimated by cross-sectional averages and the instability is neglected. We show that a post-break esti-
mation window tends to produce more accurate forecasts than the expanding or the rolling estimation
windows, although the actual relative precision depends on the position and the magnitude of the breaks
in the factor model and in the forecasting equation. This poses challenges as to how optimally select the
estimation window in the forecasting model.

Our work can be extended along several dimensions. We specifically focus on the case in which
the forecasting equation has one latent factor and does not include any observable predictor: the more
general case with multiple latent factors and observable predictors is an extension worth considering.
Also, we estimated the latent factor by cross-sectional averages: it would be interesting to compare this
with the asymptotic principal components estimator commonly used in factor augmented regressions.

Finally, this paper uses an approach based on unsupervised learning and a comparison with a supervised

10



counterpart in the spirit of Bair et al. (2006) is worth considering. All these extensions will be conducted

in future research.

A Appendix

Proof of Proposition 3.1. As N — oo,

1=

it follows that as N — oo

A2 (T5)

EN {zu(»w) [[(t <TY) Awrfe +1(t > T2) Awafe] [I(t < TQ) Awafe +1(t > TQ) wzft}}_l

{z (t>TE) [1(t < T2) Awife +T(t > T2) Awafe] [I1(t <
1

-1
= I(TQ<TY) [TZII[ (t>T)I(t>T2) ?\wzftft]

t=1

N N N
fi = I(t<1?) (Z wi,\1i> fe+1(t>1T2) (z wi,\%) ft+ (2 wie¢t>
=1 =1 =1

I(t <T) Awaft +1(t > T2) Awaft :

—1

§ Tz—:lﬂ (> 16 I(t <TQ)I(t<TY) Awrfeyrfe +1(t < T T (t > T9) Aw fevafe +1(t < TQ) Awt freesa
+L(t > TR)T(t <TY) Awafeyi fe + (¢ > T L(E > Ty) Awafevafe +1(E > T3) Awa frert1

T—-1
PR (t>Tg)1(t>TR) [1(t < TY) yafefe +1(t > T9) vafeft + frert1] }

o O_T; [T-1
I (T; TC) —————
+(x> y)T—(T§+1) =1
T-1

t=

-

T—(TQ+1) |%
(T3 y)m_

x {Tzlﬂ(t>T;)H(t>T,‘g) [1(t<

t=1

SI(t>TE)I(t < TQ) Awa fefe

Z I(t>Tg)1(t>T2) Awaftft

1-1

x { S I(E>TEI(t<TY) [I(t <TQ) vy fefe +1(t > TQ) voffe + ftst+1]}

7—1

TO) yifefe +T(t > T) vafefi + frers] } )

11
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and since]l(t>T5):1—H(t§T5)7asN—>oo

Y2 (T)
T—1 -
<) | e 1)1 1) ftft]
t=1

1=

T-1

X { 21 I(t>Tg)I(t>T2) { (t< TO) ftft +I(t> T°) ftft + 71 ﬁew} }
t=

91y -

[T-1
T 1) | = T ST) fefe

+I (12 > T¥)

I(t< T;}) ftft +I(t> TO) f ft + = ft5t+1:| }

T
—
o

T—1
X { Y I(t>TE)I(t < 1Y)
t=1

T-(1R+1) [% Z 1(t>Tg)L(t > 12) fufy

T (Tg+1) ]
x {Tzllﬂ(t>T;)H(t>T,9) { (t<T0) ftft+11(t>T°) ff +ft6t+1:|}
t=

—1

+1 (T2 > T¢)

= 11T =
w2
+I (12 < TE) ;\2 [zﬂ(t>Te ftft} {Z t>T§)]I(t<T5)ftft}
T B
+H(T£§Ty))\12 [Z ]I(t>Te)ftfz:| {21 (t>T)ft6t:|

Y2 12 - Ty
Aw1 T — (Tg 4 1)

-1
’71—72 R - Iy =t

Z L(t>Te)I(t <TY) fefi Tilﬂ(t >THT(E<STHI(<STY) ftft}
t=1

Yo dw1 T—(Tg+1)
o 1 T0 e T-1 o T .
e _ € < € <
+I (T > T¢) P t; L(t>Te)I(t <TQ) frfe t; L(t>Te)I(t <TY) free
T— (T2 +1)
0 e 2 x
+I (T2 > T¢) Xoa T T+ )

[L(t>T2) fefe] ™" [TZI I(t>T)1(t<1Y) ftft:|
t=1

B AT
H(t>T£) ftft:| |:Zlﬂ(t>T£) ftEt .
t=

Simplifying terms, we get that as N — oo

72 (T5) e (10,751 1.1
p e T (max T, Ty 41 0o ey d2 Tx=Ty
A T-(T5+1) T >T)A LT — (Tg +1)
_ T — (max{TO TE}+1) e T-1 .
+'715\w272 T (T€+1) t (t>max{T£,Ty )ftft ;::1]1 t>maX{T£7Ty})]I(t§T£) fefe
— T-1
(5> T) AW:Q Te+1) [2 (¢ > Tg)L(t < T2) ftft} [tglﬂww (tgmm{T,Q,Ty})ftft}
1 T— 79, Te} +1) [1=1 - 1
i (r;aféT;—i_zl/)} ) Z: ]I(t>max{T£7Ty}) ftft:| [t: I (¢t > max {T,?,Ty}) ft5t+1:|
0 e 1 TO Te -1 e 0 -1 T-1 . o
+1(T2 >T))\w1m S IE>THIESTR) fifs T (> T (< T) frevia -

It follows that

B[4, (T3)]

~ in(max{T,((),T,j}Jrl) +11(T0>Te),L T — T
Aw2 T—(Tg+1) Awt T — (Tg +1)
-1
7=y T (max {T9. Tg} +1) . . .
= < <
5 T— (T3 +1) Z I(t > max {TQ,T¢}) feft t;]I(t>max{Tx,Ty})11(t7Ty)ftft
=2 TR-

+1 (T2 > T¢)

e T—1 -1 T—1
o T— (T i 1)E{ L; L(t>Te)I(t<TY) ftft} L; L(t>Tg) (¢t <min{T, TQ}) ftft]
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For 1 < T2 < Tg, using the same results employed on pp. 421 — 422 in the Proof of Proposition 1 of Pesaran and
Timmermann (2004),

Jim B[, (15)]

R s BRI S C RSV I [ [ SORNN b (IO
= R T (1 1) sz T—1—(T5+1)—1E t;]l(wTy)fzfz tgl]l(t>Ty)]I(t§Ty)fzfz
B TO —T¢

= s ’72+(’Y1*’72)m

which gives (4). Following analogous arguments, for Ty < 70 < Tz97

Jim E [%, (7))
LT—(T,‘2+1) L2 T - T¢
Aw2 T—(Tg+1) A1 T — (Tg +1)

e T T TR v T-Ty }
Awz T—(Tg+1)T—(T2+1) Awi T —(Tg+1)
_ 2 T_(T:9+1) T:?*Tij @ Y172 TS*TE + T:?*Tij ﬁ
Awz |[T— (Tg+1)  T—(T¢+1) Awi Awz | T—(Ts+1)  T—(Tg+1) Aw

which is equal to (6). Finally, for T9 < T2 < T —1,

Jim E [5, (75)]
o |T—(T2+1) T2 —T¢ Awa| v1—7v0 TL-T¢ TQ—(Tg+1)+1
w2 T—(T5+1)+T—(T;+1)STV1 T e T (Te+1)T0 (Tg+1) +1
v [T (TR +1) R-Ty w2l  vm—7 { T) - Ty _wz]

Awz |T—(Tg+1) T T

— |+ = S
— (Tg +1) A1 Aw2 — (Tg + 1) dw1

which gives (7). The result stated in Proposition 3.1 then follows. m

Proof of Proposition 3.2. Consider

Jim B lyrg, gr (T9)] = ]\}EHOOE[VQfT+5T+1)72( f)fT]
= Jim E[yafrfris (75)]

2 (T) }
<.Z wlA%) Jim B [y, (77)]

= 7205 w2 Nllmoo E [%, (Ty)] .

N—oo

= lim E {’nyT |: wi (A2i fr + €t)
)

= 7E f
which completes the proof of Proposition 3.2. m
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Table 1: Experiment 1, RMSFE, \y2 /le =1

Panel A: Ty0 =100

79 =100 79 =190

Post-break | Expanding | Rolling | Post-break | Expanding | Rolling

oy | 19x]
0.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 | 1.50 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
3.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
1.00 | 1.50 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
3.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
0.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
2.00 | 1.50 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
3.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
0.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 | 1.50 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796

Panel B: T = 190
T2 = 100 T2 =190

Post-break | Expanding | Rolling | Post-break | Expanding | Rolling

oy | 19x|
0.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 | 1.50 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
3.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
1.00 | 1.50 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
3.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
0.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
2.00 | 1.50 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
3.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
0.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 | 1.50 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220

This table displays the RMSFE as defined in (8) for Experiment 1, whose data generating process and results are described

in Section 4.1 and in Section 4.2, respectively.

16



Table 2a: Experiment 2a, RMSFE, 0 < Awz /Aw1 < 1, 6x = 0.00, 1.50, 3.00

Panel A: Ty0 =100

79 =100 79 =190
Post-break | Expanding | Rolling | Post-break | Expanding | Rolling
Oy Ox
0.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 | 1.50 1.0614 1.3194 1.0796 1.4061 1.4108 1.3963
3.00 1.0614 1.5550 1.0796 1.6190 1.6222 1.6111
0.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
1.00 | 1.50 1.0614 1.0746 1.0796 1.4061 1.1957 1.3963
3.00 1.0614 1.2625 1.0796 1.6190 1.4313 1.6111
0.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
2.00 | 1.50 1.0614 1.0857 1.0796 1.4061 1.0766 1.3963
3.00 1.0614 1.0930 1.0796 1.6190 1.2790 1.6111
0.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 | 1.50 1.0614 1.3526 1.0796 1.4061 1.0536 1.3963
3.00 1.0614 1.0467 1.0796 1.6190 1.1655 1.6111
Panel B: T = 190
T2 = 100 T2 =190
Post-break | Expanding | Rolling | Post-break | Expanding | Rolling
Oy Ox
0.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 | 1.50 1.2193 1.3194 1.0796 1.2193 1.4108 1.3963
3.00 1.2193 1.5550 1.0796 1.2193 1.6222 1.6111
0.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
1.00 | 1.50 1.2193 1.0492 1.7342 1.2193 1.0814 1.0860
3.00 1.2193 1.2102 1.7342 1.2193 1.2901 1.2871
0.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
2.00 | 1.50 1.2193 1.2689 3.7817 1.2193 1.0998 1.1040
3.00 1.2193 1.0556 3.7817 1.2193 1.1883 1.1886
0.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 | 1.50 1.2193 1.9784 7.2220 1.2193 1.4660 1.4504
3.00 1.2193 1.0913 7.2220 1.2193 1.0461 1.0497

This table displays the RMSFE as defined in (8) for Experiment 2a, whose data generating process and results are described

in Section 4.1 and in Section 4.2, respectively.
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Table 2b: Experiment 2b, RMSFE, 0 < Aw2 /Aw1 < 1, 6x = 0.00, —1.50, —3.00

Panel A: Ty0 =100

79 =100 79 =190

Post-break | Expanding | Rolling | Post-break | Expanding | Rolling

Oy Ox
0.00 1.0614 1.0560 1.0796 1.0614 1.0560 1.0796
0.00 | -1.50 1.0614 1.3413 1.0796 6.1589 8.4087 3.9456
-3.00 1.0614 2.5212 1.0796 3.3949 3.4676 3.2516
0.00 1.0614 1.2858 1.0796 1.0614 1.2858 1.0796
1.00 | -1.50 1.0614 1.8546 1.0796 6.1589 14.7800 3.9456
-3.00 1.0614 3.7394 1.0796 3.3949 4.4453 3.2516
0.00 1.0614 2.0268 1.0796 1.0614 2.0268 1.0796
2.00 | -1.50 1.0614 2.6258 1.0796 6.1589 23.1370 3.9456
-3.00 1.0614 5.3211 1.0796 3.3949 5.5895 3.2516
0.00 1.0614 3.2791 1.0796 1.0614 3.2791 1.0796
3.00 | -1.50 1.0614 3.6550 1.0796 6.1589 33.4810 3.9456
-3.00 1.0614 7.2664 1.0796 3.3949 6.9002 3.2516

Panel B: T = 190
T2 = 100 T2 = 190

Post-break | Expanding | Rolling | Post-break | Expanding | Rolling

Oy Ox
0.00 1.2193 1.0560 1.0796 1.2193 1.0560 1.0796
0.00 | -1.50 1.2193 1.3413 1.0796 1.2193 8.4087 3.9456
-3.00 1.2193 2.5212 1.0796 1.2193 3.4676 3.2516
0.00 1.2193 1.9312 1.7342 1.2193 1.9312 1.7342
1.00 | -1.50 1.2193 1.0960 1.7342 1.2193 22.308 9.2407
-3.00 1.2193 3.0835 1.7342 1.2193 5.4797 5.0765
0.00 1.2193 4.6567 3.7817 1.2193 4.6567 3.7817
2.00 | -1.50 1.2193 1.2314 3.7817 1.2193 43.416 17.260
-3.00 1.2193 3.7398 3.7817 1.2193 8.0949 7.4469
0.00 1.2193 9.2327 7.2220 1.2193 9.2327 7.2220
3.00 | -1.50 1.2193 1.7475 7.2220 1.2193 71.735 28.003
-3.00 1.2193 4.4899 7.2220 1.2193 11.313 10.363

This table displays the RMSFE as defined in (8) for Experiment 2b, whose data generating process and results are described
in Section 4.1 and in Section 4.2, respectively.
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